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EQUIVALENCES BETWEEN CATEGORIES OF MODULES AND 
CATEGORIES OF COMODULES 

JOOST VERCRUYSSE 



Abstract. We show the close connection between appearingly different Galois theo- 
ries for comodules introduced recently in JT] and ^^l- Furthermore we study equiv- 
alences between categories of comodules over a coring and modules over a firm ring, 
^r*' We show that these equivalences are related to Galois theory for comodules. 



1. Introduction 



The classical Galois theory of for finite field extensions has a formulation in terms of 
Hopf algebras. If one takes H = kG* where G is the group of automorphisms of a field 
1-^ I L D k, and puts F = L'^ the field fixed by G, than L is an if-comodule and L is a 

c^ ■ Galois extension of F if and only if L ^p L = L®k H, by a canonical map (see e.g. [71 

Example 6.4.3 1)]). This example has led to a range of generalizations, all under the 
name of Galois theory (We refer to |S| and [T7] for a profound overview). A comodule 
CN I algebra A over the Hopf algebra H, is called an if-Galois extension of A'^"^ if and only 

if the canonical map 

^ I can : A ®^cojf A ^ A^^ H, can(a ® a') = aaL ® aj^, 

Q ' is an isomorphism, where p"^{a) = a[o] ® fl[i] denotes the if-coaction on A. 

\Q . It was observed in j2. that Hopf-Galois theory and its generalizations can be beau- 

O I tifully reformulated using the language of corings. The Galois corings of P] have been 

generalized by El Kaoutit and Gomez- Torrecillas in [8], leading to the notion of Galois 
c^ ■ comodule. An essential aspect of a Galois comodule from [8^ is that it is necessarily 

finite (by this, we mean that it is finitely generated and projective as a right module). 
In recent publications, several attempts have been made to introduce a notion of 
infinite Galois comodule. In ^T], Gomez- Torrecillas and the author consider Galois 
comodules over firm rings, this construction generalizes infinite Galois comodules in- 

9^ , troduced in [^1 EI- An alternative generalization has been proposed by Wisbauer in 

[TB] . The aim of this paper is to study the relationship between these two notions (Sec- 
tion H)). Our results are based on characterisations of equivalences between categories 
of comodules and categories of (firm) modules (Sectional). 

In Section |21 we have collected basic properties of Galois comodules over firm rings. 
One remarkable fact is the observation that firm rings and their firm modules can be 
identified with corings over the Dorroh extension of this firm ring and the comodules 
over this coring f Theorem 12. 2|) . Based on properties of pairs of adjoint functors be- 
tween categories of modules and comodules over firm rings, we introduce in Section El 
comonadic-Galois comodules as a refinement of the notion of Galois comodule in the 
sense of ^Hl- It follows from elementary observations that comonadic Galois-comodules 
are Galois comodules in the sense of ^U]- Nevertheless, to study equivalences between 
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comodule and module categories, the interaction with firm rings is essential to pass the 
finiteness border, as follows from the discussion below. Our main result (Theorem IH.4|1 
gives a characterisation of pairs of inverse equivalences between the category of modules 
over a firm ring and the category of comodules over a coring. More specifically, any 
such equivalence can be obtained from a Galois comodule in the sense of ^J. As an 
apphcation, we characterize equivalences between categories of comodules and modules 
over rings with unit, local units or idempotent local units (see Corollaries 13.51 IT^ and 
13. 7p . An important implication of our theory is the fact that any equivalence between a 
category of comodules and a category of modules implies a certain generalised projec- 
tivity condition (what we named 'firmly projectivty' in this note) on a generator of the 
category of comodules, which plays the role of the Galois comodule. In case of an equiva- 
lence between a category of comodules with a category of modules over a ring with unit, 
this implies that the generator is always finitely generated and projective, and 'finite' 
Galois theory comes into play. This indicates that firm rings play an important role if 
one wants to study Galois theories that go beyond the case where the Galois comodule 
is finitely generated and projective. The main result of Section Estates that the notion 
of Galois comodule and comonadic Galois comodule coincide when the comodule under 
considaration satisfies a generalized notion of projectivity (see Theorem 14. 2j) . Another 
remarkable result is Theorem 14.51 : if E is a comonadic Galois comodule in the sense 
of JTE\, then the underlying coring (t is isomorphic to a comatrix coring associated to a 
comatrix coring context over a firm ring, as introduced in [TT] . 



2. Galois theory for comodules bounded by firm rings 

Corings and Comodules. Let A be an associative ring (with unit). An A- coring 
consists of an y4-bimodule €, and two y4-bilinear maps 



such that the following diagrams commute 



££ : C -> A, 






A£®a2 



£®aA£ 



^€(^A^®A^ 




ec(X>.4C 



Remark our convention to denote the identity morphism on an object X by the same 
character X. We will make use of the Sweedler notation A(c) = C(i) ®a C(2) and ((£ ®^ 

Ac) O A(c) = (Ac ^A 'tj O A(c) = C(i) ®A C{2) ^A C(3)- 

A right C-comodule is a pair {M,pm), where M is a right A-module and p : M —* 
M ®A ^, Pni'tn) = m[o] ®A m[i] is a right yl-linear map, such that {pm ®a ^) ° Pm = 
(M ^A Ac) o p^j and (M ®a ^e) ° Pm = M. A right A-linear map f : M ^ N between 
the right C!:-comodules M and A^ is said to be right £-colinear ii p^ o f = (/ ®a ^) o Pm- 
The category of all right C!:-comodules and right C!:-colinear maps is denoted by A^^. If 
i? is a second ring, then b-M.'^ is the notation for the category of all left i?- modules M 
which also have a right C-comodule structure and such that the comultiplication pM on 
M is left i?- linear. Morphisms in b-M'^ are maps that are left B- and right C-colinear. 

For a comprehensive introduction to the theory of corings an comodules we refer to 
the monograph |4j. 
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Firm rings. Let R be an arbitrary ring, not necessary witli unit. By M.f> we denote 
the category of riglit i?-linear maps and all right i?-niodules satisfying the property that 
the multiplication map 

fiM,R : M ®rR^ M, IJ-M,Rim ®r r) = mr, 

establishes an isomorphism. In this case, we denote the inverse map as 

dM,R -.M^M^rR, dM,R(m) =m'-^r. 

We call Mr the category oi firm right R-modules. Similary one introduces the category 
rM.. It is easy to check that R & M.r \s equivalent to i? G rM., in this situation we 
refer to i? as a firm ring and we will denote the structure maps of R by hr and d/j. 
The category JvIr is abelian provided that R G M.r, in that case R is also a generator 
of the category. We call M E J^r flat provided that the functor M ®r — : M.r -^ Ab 

is exact, where M.r denotes the category of all (possibly non-firm) i?-modules. If R is 
flat as a left i?-module, then }Ar is a Grothendieck category and kernels, cokernels and 
coproducts can be computed in Ab. 

Let i? be a (non-unital) ring. Recall (see e.g. [151 section 1.5]) that the Dorroh- 
extension of i? is a unital ring R = R x Z containing R a.s a. two-sided ideal by the 
canonical injection l : R -^ R, L{r) = (r, 0). The multiplication in R is given by 

(r, x){r' , x') = {rr' + rx' + xr' , xx') 

for all r,r' E R and x, x' G Z and (0, 1) is the unit of R. For any M G Mr, we can 
define a unital right i?-action via 

m{r, x) = mr + mx, 

for all m G M, r E R and x G Z. In this way, we obtain an isomorphism of categories 
between between A4r and Mr- In general, there exists no unital ring S such that Mr 
is isomorphic to Ms, even if R is firm. However, we can describe Mr as a category 
of comodules over a coring (with a unital base ring). Remark first that the canonical 
surjection M ^r R —^ M (g)^ R is an isomorphism. 

Lemma 2.1. Let R be a non-unital ring. Then R is a firm ring if and only if there 
exists a himodule map A : R -^ R ®r R = R ®^ R such that {R, A,l) is an R- coring. 

Proof. Suppose i? is a firm ring. Take A = d^. The coassociativity of A follows by the 
associativity of iir, since they are two-sided inverses in Mr. Denote A(r) = r(i) ®^r(2), 
then i(r(i))r(2) = r(i)t(r(2)) = ^(1)^(2) = f^R° dij(r) = r, so the counit property holds as 
well. ^ 

Conversely, if R is an i?-coring, one can easily check 

{fiR o A)(r) = r(i)r(2) = r(i)i(r(2)) = r 
(Ao/i^)(^ri®«rO = A(^r,rO = 5^A(r,)r^ 



Y^ ri{i) ^R ri(^2)r'i = ^ ?'i(i)^i(2) ®R r[ 



E 



^Rr'i 



so A is a two-sided inverse for /x^j, so i? is a firm ring. D 
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Theorem 2.2. Assume that R is a firm ring and let 9^ = {R,A,l) be the associated 
R-coring from Lemma \2.1\ Then the categories M.r and M.^ are isomorphic. 

Proof. Take {M,p) G Ai^. Then M is in particular a right -R-module, so a non-unital 
i?-module. Let dM,R be the composition M ^ M 0^ R = M ®r R. As in Lemma ITT] 
we can easily check that fiM,R and dM,R are mutual inverses, so M is firm as a right 
i?-module. 

Conversely, let M be a firm right i?-module and define p as the composition 

M — ^ M®rR ^ M ®f^R 

The coassociativity of p follows by the coassociativity of Pm,r- Finally, for any m G M, 

(M (8)/j l) o p[m) = rrf L{r) = rrfr = m, 
so the counit property is satisfied as well. D 

Firmly projective modules. Let A and B be rings, S G b-Ma, S^ G a-M.b and 
p : S"!" ®B S -^ A an y4-bilinear map. Then we call (S,S"'',/i) a dual pair. Recall the 
construction of an elementary B-hng Z"!" = S ® a ^^ associated to such a dual pair. The 
multiplication of this ring is given by 

Pzt = S(g)A/i®AS^ 

In general Z^ has no unit. S and S''" are a left, respectively right Z''"-module with actions 
given by 

and 

(S, S"!", p) is said to be an R-firm dual pair if their exists a firm ring R together with 
a ring morphism t : i? — > S (g)^ S''", i(r) = e^ ®yi /r (summation understood) such that S 
and S''" are a firm left, respectively a firm right i?- module, where the i?-action is induced 
by L. 

In particular, we can consider the notion of a firm dual pair, taking R = Z'^ and l the 
identity. 

Consider the dual pair (S, S*, ev), where ev : S*(8)sS ^ ^4 is the evaluation map. We 
will denote the associated S-ring by Z, the multiplication in Z as pz, and the actions 
of Z on E and S'l" by pz,T, and p^^^z- 

In this paper, we will call a S-y4-bimodule S firmly projective if and only if the 
elementary S-ring Z = E (g)^ S* is a firm ring and E is firm as a left Z-module. 

Similary, for a firm S-ring R, S will be named R-firmly projective if and only if there 
exists a ring morphism l : R ^ Z, i{r) = Cr ®a fr and E is a firm i?-module under the 
i?-module structure induced by t. 

Obviously, if S is firmly projective, then it is Z-firmly projective. In the following 
Proposition we have collected elementary results about i?-firmly projective modules and 
i?-dual pairs. 

Proposition 2.3. (i) If S is R-firmly projective for any firm B-ring R, then S is 
firmly projective, 
(a) IfE is R-firmly projective, then (S, S''',yu) is a R-firm dual pair, with S"!" = S*(8)/ji? 
and p = ev o (S* ^r pz,s)- 
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(Hi) If {T'l S^ lA ^'5 ^'^ R-firm dual pair, then S is R-firmly projective and S"'' = E*(8>iji? 
as A-R-bimodule. 

Proof, (i). First remark that the multiphcation i?®^^ ^ S is a right A-hnear (and thus 
an R-A bihnear) map, as it is the composition of right v4-hnear maps: (S(S)^ev)o(i(g)5E). 
This imphes that if S is i?-firmly projective and, a fortiori, firm as a left /^-module, the 
isomorphism i?®^S = S holds as an isomorphism of R-A bimodules. This isomorphism 
induces a well-defined map 

d : S ®A S* ^ i? ®R S ®^ S* '-^ S ®A S* ®fl S ®^ S* ^^ S ®a S* ®z S (g)A S*, 

or d{u ®A 93) = Cr ®A fr ®z u^ ®A V for all u ®A v? G S ®A S*. Obviously, //^ o d = Z, 
since erfriu^) ®a '^ = u ®a ^- Conversely, consider an element u ®a V ®z v ^a "0 G 
S 0^ S* ®2 S (S)a S* (summation understood). Then we compute that 

{60 I2z){u®aV®Z V ®Ai^) = er®A fr®Z {u^{v)Y ®Ai^ 

= Cr ®A fr ®Z u'' Lp{v) ®A "0 

= Cr ®A fr ®Z i^' (g)A^)-V(g)Alp 

= Cr 0A fr ■ (u" (g)^ ^) ®zV®Ai' 

= Cr ®A friu'")ip ®z V ®A^ 

= erfr{u'')®AV®zV®Ai> 

= U®A^®Z V ^Al/^, 

SO d o /i^ = Z and Z is a firm ring. In a similar way, S is a firm Z-module. 

(ii) follows immediately since M®fiR is a firm right -R-module for any right i?- module 
M7~ 

(iii). Consider the morphism C : S^ ^ S*, C((/?)('u) = fi{(f ®)b u) for any (/) G S^ and 

M G S. Recall that we have a morphism l : R ^Tj ®a ^\ '•(^) = ^r ®r fr- Then we can 
consider the morphisms 

«:St^S*®fi/2, «((/.) = C(¥^")®/?r 

/3 : E* ®R i? ^ St, [3{^ ®H r) = ^{er)fr 

A similar calculation as in part (i) shows that a and /3 are each other inverses. D 

Examples of firmly projective modules and firm dual pairs can be easily obtained 
from (locally) projective modules. 

Galois comodules. Recall from ^ the notion of a comatrix coring context (there for 
rings with unit). Let A and R be firm rings, S G rM.a, S^ g aJ^r and consider two 
bilinear maps r] : R ^ T, ®)a S^ and e : S^ (g)/? S — > A. Then {R,A,J],T,'^,ri,e) is a 
comatrix coring context if and only if the following diagrams commute. 

(1) s = ^r®rJ: St = -st®^i? 

f 

^^aA — — S ®A St ®^ S A ®A St — St ®^ S (g)A St 

In this situation, one can construct a i?-ring Zt = S (8>a St with unit 77 and multipli- 
cation S(8)^e(8)ASt (remark that (S, St, e) is a dual pair) and an A-coring 1) = St(g)^S 
with counit e and comultiplication St (g)^ t] ®)b S (see [6, Poposition 1.1]). Moreover 
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S is a left ^'''-module and a right S-comodule. S''" is a right Z^-module and a left 
SD-comodule. Actions and coactions are given by the following formula 

Ps.st = (S"^ 0B v) ° dst,B /Ust.zt = /iA,st o (£ ®a S"^) 

Theorem 2.4. Lei^ A and R be firm rings, S G aA^tj Q'T'C? S"!" G _rA1a- ^/ie following 
statements are equivalent 

(i) S zs R-firmly projective; 

(a) there exists a comatrix coring context {R,A,'£,Il'^,rj,e); 
(Hi) there is a pair of adjoint functors (— (E)r S, — ®a S^) between the categories M.r 

and M-a; 
(iv) there exists a "triple" of adjoint funtors {F,G,H) between the categories Ai^ and 
M.A, i-G. {F, G) is a pair of adjoint functors between JHn and J^a and (G, H) is 
a pair of adjoint functors between M.a and M.r, such that S = F{R). 

Proof, (i) =^ (ii). Suppose E is i?-firmly projective for a firm i?-ring R. Then one 
easily checks that {R,A,Tj,'E\i,jj,) is a comarix coring context, where we denote as 
before, i : i? — > S ®a S* the ring morphism from the definition of i?-firmly projectivity, 
St = '£* (^rR and ^ = ev o (S* ®r fiz,Ti)- 

(ii) =^ (i). The definition of a comatrix coring context implies that S is a firm R- 
module. If we denote r]{r) = e,. (E)a fr for r & R, then the commutativity of the left 
diagram of (^ means that r ■ u = Crfriu), which means exactly that the i?-module 
structure of S can be seen as induced by i], exactly as in the definition of an i?-firmly 
projective module. 

(n) =^ (Hi). We restrict ourself to give the unit and counit of the adjunction and 
leave the other verifications to the reader 

On : N ^ N ®rI:(^a^^] a{n) = rf ®Rer ®a fr] 
Pm ■ M (»A^^ ®R^ -^ M; (3{m O^ ip ®r u) = mip{u); 

for any A^ G Mr and M G Ma- 

(iii) =^ (ii). Denote by a and (3 the unit and counit of the adjunction. The unit 
evaluated in R induces a right i?-linear map 

which is also left i?-linear by naturality. Moreover, the counit evaluated in A provides 
us with a map 

/3a : St ®^ S ^ A, 

this map becomes again A-bilinear by naturality. We prove first that for any N G Mr, 

(2) aN = N^RaR, 

i.e. the following diagram commutes. 

^ OM ^ AT 0^ s ®A St 

''N(g)j{aR 

N^rR' 
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Take any n E N , and consider the following map in A^/j, /„ : R ^> N, fn{r) = nr. By 
naturality of a, the following diagram commutes, 



R 



aR 



N 



ajv 






and follows. Similarly we prove that for M G TVIa, Pm — M ®a (3a- The condition 
that (F, G) is an adjoint pair means exactly that (3fm ° F{aM) = F{M) and G{j3m) ° 
OiGM = G{M). If we evaluate these conditions in E and S^, we obtain the following 
commutative diagrams, 



R®rE ''''''■, s ^^ St ®^ E 



0aA 



St ^ A 



u St St ®^ 





s®^st 

Et(g)ijQi{ 



St 



This means exactly that {R, A, S, St, a^, (3a) is a comatrix coring context. 

(mz) -v^ (iv). This follows immediately from the Eilenberg- Watts theorem (see also 
Theorem 13.11) D 

Let (i?, A, S, st, r^, e) be a comatrix coring context as in Theorem 12.41 Then S is 
/2-firmly projective and St = S* ®/j,i?. For the associated comatrix coring the following 
isomorphism holds 2) = St ^j^ S = S* ®_r, S. Since this will be useful in the sequel, we 
give the explicit formulas for the coactions of the associated coring and comodules. 



Aj,:S* 



£1, : S* ®fi S ^ A, 

D/j S ^ S* ®K S ®A S* 0B. S, 

ps : S ^ S ®^ S* ®« S, 

Pst :St->S*®RS®ASt, 



£T){^<^ru) = ip{u) 

Aj)((/? (S)ru) = ip ^R Cr ®A fr ®ij u'' 

PT.{U) = er^Afr^RU" 

PT.'i {V ®Rr) = ^ ®R Cs ®A fs ®R r\ 



for any u G S and (f ®r r G St = S ®r R (summation understood). 

Let €, be another A coring and suppose that S G bM.a- We will say that S is in- 
firmly projective as £-comodule for a firm S-ring R if there exists a ring morphism 
/, : i? — >^ S ®A S* and S G rM'^, i.e. S is a firm left i?-module under the action induced 
by i and the action of R is C-colinear. 

Under these conditions S is called an R-€. Galois comodule if and only if the coring 
morphism 

(3) can : S* (g)/j S ^ iT, can(/ »« m) = /(m[o])m[i] 

is an isomorphism. This definition of Galois comodule and its associated comatrix coring 
was given in jTTj. 



3. Equivalences beween categories of modules and comodules 

The classical Eilenberg- Watts theorem for adjoint functors between categories of mod- 
ules over unital rings can be easily generalized to firm modules over firm rings. 
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Theorem 3.1. Let A and B he two firm rings. For a functor F : M.b —>■ M.A, the 
following assertions are equivalent: 

(i) F has a right adjoint G : M.a —^ -Mb', 
(a) F is right exact and preserves direct sums; 
(Hi) F = — ®B P for some B-A bimodule P. 

Moreover, when {i)-{iii) hold, then the right adjoint G is given by 

G = Hom^(P, -) ®B B, 
where P = F{B) and G is unique up to isomorphism. 

Proof. The proof is identical to the classical proof (see e.g. f^l Proposition 10.1]). D 
Let (F, G) be a pair of adjoint functors beween two module categories, 

F 

Mr , ' Ma 

G 

with unit tj and counit e. As it is well known, the composite functor G = FG : 
Ma —>■ Ma defines a comonad (cotriple) (C, FrjG, e) on the category JUa (see e.g. [121 
Chapter VI]). Remark that an adjoint pair can be seen as a comatrix coring context 
in the bicategory of categories, functors and natural transformations. The construction 
of a comonad C is then equivalent to the construction of a comatrix coring from this 
context within this bicategory. We can consider the subcategory Ai*-^ of A^^ consisting 
of all 'C-coalgebras'. Recall that there exists a pair of adjoint functors 

Ma^^^^M"" 

where F^ is the forgetful functor and G"" is given by the coristriction of the comonad 
functor G. The original and new obtained adjoint pair of functors can be compared by 
a unique functor, such that we obain the following diagram 



(4) Mr ^. ^ M 




It turns out that the functor K can be choosen as the corestriction of the functor F, 
since for any M G Mr, F{M) E M'^ . 

If we apply the Eilenberg- Watts theorem to this situation, we obtain 



C^Hom.rS,-) 



>>R 



Where we denote S = F{R)- By applying the Eilenberg- Watts theorem a second time, 
the comonad G is of the form — (8>a ^ (i-e. induced by an y4-coring €) if and only if the 
composite functor G is right exact and preserves direct sums. If this is the case, then 
we find 

(5) -®A^ = Hom^(S, -) ®R S. 
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By construction we find that S G rM.'^, i.e. there is a ring niorphisni j : R 
and a natural transformation ^ takes the form 



End*^(E), 



(6) 



canM : HomA(S, M) ^rT. -^ M ®a ^, cartMif Oij u) = /(m[o])m[i] 



for all M e Ma- 

For any firm ring R and v4-coring C, we will call an R-€ bicomodule S an R-€ 
comonadic- Galois comodule if (0) holds in the sense that (jH)) is an isomorphism for all 
M e Ma- Under the extra assumption that j is an isomorphism, this coincides with the 
notion of Galois comodule studied by Wisbauer in [16j. If S is an R-(t comonadic- Galois 
comodule, the diagram (jlj can be completed as follows 



M 



-®flS 



R ^ 




The diagonal in this diagram is again an adjoint pair, this was proven in ^TJ Lemma 4.2]. 
Let us prove a version of the Eilenberg- Watts theorem that states that any adjunction 
between a category of modules and comodules is of this form. 



Theorem 3.2. Let R be a firm ring and <t an A-coring. Let F : Mr 
functor and S = F{R). Then the following assertions are equivalent: 

(i) F has a right adjoint G : M.^ ^> M.r; 
(a) F is right exact and preserves direct sums; 
(Hi) F = -®r1: for some E e rM'^. 
In this situation we also have the following properties 
(iv) The right adjoint G of F is unique up to isomorphism and given by 



M^ be a 



(7) 



G = Hom'^(S, -) ®R R- 



(v) there exists a ring morphism j : i? — > End (S) 
(vi) there exists a natural transformation 



canAf : Hom^(S, M) 
given by canM^f ^ru) = f{u[o])u[i]. 



^R 



M 



£, 



Proof. The proof goes allong the same lines as the classical Eilenberg- Watts theorem, 
but let us give a complete proof for sake of completeness. 

(z) => (ii) is classical, (Hi) =^ {i) and (iv) follow from fn\ Lemma 4.2]. (u) =^ [Hi). 

Put E = F{R), then E G rM'^. Since R is a generator in Mr, for any M G Mr there 
exists an exact sequence. 



i?(^) 



/ 



i?(^) 



M 



0. 



Here (M, ^f) is exaclty the cokernel of /. Apply the functors F and — ^r E on this se- 
quence. Since both functors are right exact and they preserve direct sums and cokernels. 
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we obtain 

S(^) S('^) M ®fi E 



F(/?)(^) F(/2)(-^) F{M) 

By the universal property of the cokernels (M ®ij S, g ®_r S) and {FM, Fg) we obtain 
that F{M) = M (8>_R S, this isomorphism is easily verified to be natural. 

{v) follows from the fact that S G rM'^, by construction. 

{vi) follows by direct calculation. D 

The following Theorem generalizes P^ 3.1]. 

Theorem 3.3. Let R be a firm ring, (t an A-coring and S G rJ^'^. Then the following 
assertions are equivalent. 

(i) S is an R-€. comonadic- Galois comodule; 
(a) For every {(t,A)-injective N G Ai*^, the evaluation map 

ev^v : Hom'^(S, iV) ®r S ^ iV, ev;v(/ ®r u) = f{u); 
is an isomorphism 

Proof, (z) =^ (a). Recall that a right C^-comodule N is (C!:, y4)-injective if and only if 

the comultiplication p^ : N ^ N ®a ^ has a left inverse jn in -M^. For all L E J^*^, 
consider the following diagram 

(9) Hom'^(L, A^) ^- HomA(L, N) ^^ Hom^lL, N (g)A€). 

32 

where the maps ji and J2 are defined as follows 

ji(/)(0 = /(Ora ®A /(0[i], Wm = fiho]) ®A hi]. 

Define as well maps a : llom.A{L,N) — > Hom^(L, A^) and (3 : Homyi(L, A^ ®a ^) — *■ 
Hom^(L, A^) which are given by the formulas 

a(/)(0 = 77v(/(/[o]) ®A l[i]), P{g) = iNog- 

Now it is easy to check that ji o i = J2 o i^ a o i = Hom^(L, A^), /3 o j\ = Hom'^(L, A^) 
and P o J2 = i o a, this means that (jHl) is a contractable equaliser. Consequently, If we 
apply the functor — ^r E to (jHl), we obtain a contractable equaliser in A^'^ (see e.g. [H 
Proposition 3.3.2] or 12, VI. 6]). By the coassociativity condition, we can associate to 
L a second equaliser in ^A'^, 

Pr PL®A't 

L ^ L^A^ ; L^A^^A^t 



Now take L = S, than we can compare both equalisers by the cannonical map, 
Hom'^(S, A^) ®A S ^-^ HomA(S, A^) ®a S =3: Hom^lS, A^ ®a £) ®a S 



PT. 



PT,®A<t 
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Since canAr and cariTv^^c; are isomorphisms, we find that bvn is an isomorphism by the 
universal property of the equalisers. 

(ii) =^ (i). For any right A-module M, the right (T-comodule M 0^ (t is {A,(t)- 
injective. Consider the isomorphism 

Wm = (- ®A C) o PS : HomA(S, M) = Hom'^(S, M ^a C) 

one can easily check that carijv/ = evM®Ae:° {^m ®a S), so we conclude that can^v/ is an 



isomorphism for all M G A4a and S is R-€. comonadic-Galois. 



D 



Theorem 3.4. Let R be a firm ring and € an A-coring. Suppose that we have a pair 
of adjoint functors {F, G) as follows 



M 



R. -^ 



G 



M' 



m 



R; 



Put S = F{R). Then the following statements hold 

(a) If G has a right adjoint then 

(i) we have a comatrix coring context {R, ^4, E, S^, cr, r), with S^ = E* 
(ii) E is R- firmly projective (as a right €.- comodule) ; 
(Hi) if R is flat as a left R-module then G = — ®^ (E* ®ij R). 

(b) If {F, G) establish an equivalence of categories, then 

(i) E is an R-€ Galois comodule, this implies in particular C = E''' (g)/?, E and 

*C ^ i,End(E); 
(ii) E is an R-€, comonadic-Galois comodule, this implies in particular ^ = E*®rE 

and r ^ Endij(Et); 
(Hi) T, is a generator in Ai'^; 

(iv) if R is projective as a right R-module then H is a projective generator in Ai'^; 
(v) if €. is flat as left A-module then E is faithfully flat as a left R-module. 
Conversely, if (t is flat as a left A-module then {h){ii) and {h){vi) imply that 
(— ®R E, Hom'^(E, — ) ®R R) is a pair of inverse equivalences between A^ij and AA'^. 

Proof. {a){i)Sz{ii). Consider the diagram of adjoint functors 



M 



R -^ 




Where G"^ = — ®a ^ and F^ is the forgetful functor. By Theorem 13.21 we know that 
F = - ®^, E and G = Hom'^(E, -) ®r R. Then we can compute F' = F^oF = -®a^ 
and G" = G o G"^ = Hom'^(E, -®a^)®rR = Hom^lE, -) ®r R, and {F', G') is a 
pair of adjoint functors. Denote the right adjoint of G by H. Since G'^ has also a right 
adjoint, namely H^ = Hom^(C^, — ), we can conclude that G' has a right adjoint given by 
H' = H'^oH. By Theorem 12. 41 we obtain immediately both statements, since E G nAi'^- 

{Hi) The statement follows now from part (ii) and ^U Theorem 4.4]. 

{b){i). By part (a) we already know that E is i?-firmly projective as right A-module. 

Since G is fully faithful we can obtain £ = FG{it) = Hom'^(E, (t)®RR®Rj: ^ E^^rE ^ 
E*®rE. 
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Let us know prove that *C = ijEnd(S). Take tp G *£, then we define «:*£—!► End(RE) 

by 

a{ip){u) = erip{fr®RU''). 

Conversely, we have a map [3 : End(i?S) -^ *€ : 

f3{ij){f®nu) = f{ij{u)), 
with if) e End(/jS). We check that a and (3 are each other inverses. 

(3oa{(p){f ®ru) = f{er(f{fr®RU'')) = f{er)(f{fr®RU'') 
= ^U{(^r)fr®RU'')=Lp{f -r^RU') 

= Vif (S)Rr-u'') = ip{f (g)Ru) 

ao(3{ip){u) = erfr{i^{u'')) = r-il){u'') 
= tl){r • u^) = ip{u) 

Finally, let us check that a is a ring morphism. 

a{(/)*(p){u) = er{(/)*(p){fr^Ru'') 

= er(p{fr'S)Res(l)ifs'S)RU"')) 

a{ip)oa{(p){u) = a{(p){er(t){fr®Ru'')) 

= esV{fs®Rel4>{fr®Ru'')) 

Both are equal since e^ ®a fr ®r ^s ®a fs ®r u^^ = e^ 0a fs ®_r K 0a fr ®r W^- 
{a). Take any M G M-a, since G is fully faithful we find, 

M0A<^ = FG{M 0A ^) = Hom'^(S, M0A<t)0Rj: = HomA(S, M) ®r S. 

So S is i?-C comonadic Galois. Since — 0)ji S and Hom'^(S, — ) 0^ R make up a pair of 
adjoint functors, for any M G AiR and A^ G Ai'^, we obtain an isomorphism 

Hom'^(M 0ji S, iV) = Hom^(M, Hom'^(S, N) (g)R R). 

When we apply this to the situation S^ G TWr and C G A^*^, we find 

€* = Hom'^(S^ 0R S, £) ^ HomR(S^ Hom'^(S, €) 0r R) = Endij(S^). 

(iii). This statement follows from classical arguments, but we give the proof for the 
sake of completeness. Take any N & Ai'^. Since we know that i? is a generator in AiR, 
there exists an exact row (epimorphism) in A^r of the following form 

R(n G{N) 

Since {F, G) is an adjoint pair, F is preserves epimorphisms and direct sums, so we 
obtain the following epimorphism in A^^ 

F(i?(^)) = S(^) FG{N) = N 

where we used that G is a full and faithful functor. It follows that S is generator in 
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{iv) To prove that S is projective, one can proceed in a similar way as in part (iv). 



Suppose the following diagram with exact row (epimorphism) is given in A4^ 



A^ ^ N' ^ 

After applying the functor G, which preserves epimorphisms, we can complete the dia- 
gram with a morphism h, since R is projective as a right i?-module. 





GiN) 
Apply now the functor F, then we obtain 

F{R) = E 

FG{g)=g 

FG{N) = N _^:iiJZL^ FG{N') = N' ^ 

This shows that S is a projective right C-comodule. 

The remaining statements follow from the stucture theorem for R-(E Galois comodules, 
see [TT| Theorem 4.15]. D 

Corollary 3.5. Let R be a ring with local units and (t an A-coring. Suppose we have 
an equivalence of categories 

Mr ^ - M^ 

G 

Put S = F{R). Then the following statements hold 
(i) T, is a locally projective right A-module (in the sense of Zimmermann-Huisgen 

[18];; 
(iz) F=-®rJ: andG^-®^ S^, with S^ = S* ®r R; 
(Hi) We have a comatrix coring context (i?, ^4, S, S"!", cr, r) and €. is isomorphic to the 

comatrix coring S* ®r S; 

// <t is flat as a left A-module, then the following statement holds as well 

(iv) S is faithfully flat as a left R-module; 
Conversely, (i), (iii) and (iv) imply that 

C is fiat as a left A-module and (— ®r S, Hom (S, — ) ^r R) is a pair of inverse equiv- 
alences. 

Proof. Since R is a ring local units, R is locally projective and consequently flat as a 
left i?-module. Statements (ii), {Hi) and {iv) follow directly from Theorem 13.41 Also 
by Theorem 13.41 we know that E is a firm module over R, with action induced by a ring 
morphism R —>■ E(8>aS^ where (E, E'^, r) constitute a dual pair. Since R has local units, 
this implies Z^ = E ®a S^ is also a ring with local units and E is a firm left Z^-module. 
By |14| Theorem 3.4] we obtain that E is locally projective as a right A-module. 

For the last statement, we only have to prove that € is fiat as a left A-module. As 
in the previous part, we find that the firm right i?-module E^ is locally projective as a 
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left 74-module, and consequently S"'' is fiat as a left y4-module. Since we also suppose 
E to be flat as a left i?-module, we find that (T = S^ (g)^ S = S* O^ S is a fiat left 
yl-module. D 

In the next corollary we use the notation and terminology of split direct systems that 
was introduced in ;^j. 

Corollary 3.6. Let R be a ring with idempotent local units and € an A-coring. Suppose 
we have an equivalence of categories 

Mr ^ - M^ 

G 

Put S = F{R). Then the following statements hold 

(i) S = colimP for a split directed system P^ : Z ^ -^fgp 

(ii) F ^ - ^rE and G = - ®^ J:^ , with St = colimPl; 

(Hi) We have a comatrix coring context (/?, ^4, S, S"!", cr, r) and €, is isomorphic to the 
comatrix coring S* ®r S; 

(iv) R = colimT for a direct system T_: Z ^ !Fk, where Ti = End (Pi) for i G Z. 

If €■ is flat as a left A-module, then the following statement holds as well 

(v) S is faithfully fiat as a left R-module; 
Conversely, (i), (Hi) and (f) imply that 

€ is flat as a left A-module and (— 0r S, Hom'^(S, — ) 0r R) is a pair of inverse equiv- 
alences. 

Proof. We can argue as in the proof of Corollary 13.51 to obtain that Z"!" = S ®a S^ is a 
ring with idempotent local unit and S and S^ are firm left and right Z^-modules. We 
can apply jH", Lemma 4.3, Lemma 4.11], to obtain a characterisation of S and S^ in 
terms of a colimit of a split direct system. It follows from the proofs of [H[ Lemma 4.3, 
Lemma 4.11] that the individual modules Pi of the split direct system are obtained as 
CjE, where Cj is an idempotent local unit of R. Since S G rM.'^, the action of Cj is right 
C!:-colinear and thus Pi is a right C!:-comodule. 

Since modules that are discribed as a colimit of a split direct system are in particular 
locally projective in the sense of Zimmermann-Huisgen (see |14j), all other statements 
follow now from Theorem 13.41 and Corollary 13.51 D 

Corollary 3.7. Let T be a ring with unit and (t an A-coring. Suppose we have an 
equivalence of categories 

G 

Put S = F{T). Then the following statements hold 

(i) Tj is a finitely generated and projective right A-module; 

(ii) F= -0T^ andG^-0^ S*; 

(Hi) We have a comatrix coring context (T, A, S, S*, a, r) and € is isomorphic to the 
comatrix coring S* ®t S; 

(iv) the map j : T ^ End'^(S) is an isomorphism. 

If € is flat as a left A-module, then the following statement holds as well 

(v) T, is a finitely generated and projective generator in Ai*^; 
(vi) S is faithfully flat as a left T-module; 
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Conversely, {i), {Hi) and {vi) imply that 

€, is flat as a left A-module and (— 0T S? Horn (S, — )) is a pair of inverse equivalences 

withT = End'^{j:). 

Proof. By Theorem IH.4I and the above corollaries, we only have to prove the generating 
part of statement {v). This proof can be found in jHl Theorem 3.2]. Recall that an 
object X in an abelian category C is called finitely generated if and only if for any 
directed family of subobjects {Xj}jg/ of X satisfying X = J2iei ^«' there exists an 
Zq € / such that X = Xi^. If X is a generator for C, this condition is known to be 
equivalent with the fact that Homc(X, — ) preserves coproducts. Since €. is flat as left 
v4-module, we know that A1^ is a Grothendieck category and Hom (S, — ) = G, which 
clearly preserves coproducts. D 

4. Comonadic-Galois versus Galois comodules 

Proposition 4.1. Let <L he an A-coring, R a firm ring and S G rM'^- IfTi is an R-€. 
Galois comodule, then S ^s S G s-M'^ is an S-€. comonadic- Galois comodule, for any 
firm ring S such that R C S C T = End (S). 

Proof. Remark that S is not always a firm left S'-module, even if it is firm as a left 
/^-module, for this reason we have to consider S ®s S- Suppose E is a R-€. Galois 
comodule. We construct an inverse map for the natural morphism ©. Define 

Um : M^a^-^ Hom^(S, M) ®s S 0s S, 

as the composite of the following morphisms 

M0A^ *^^^"" '^ M Oa S* (g)R S HomA(S, M) ®rR0r^ HomA(E, M) ®5 S 0s S, 

We use the following notation can^^ : C^ — >• S* ®_rS, can^^(c) = fc0AUc, then we check 

(10) um o canAf (0 0s s 0s u) = z/Af (0s(m[o]) 0a M[i]) = 0s(m[o])/„[,] 0s r 0s {uuy^^Y 
Since S G rJ^'^, the following diagram commutes 

PE.C 




i-e. Pt.,€{u) = M[o] 0A uii] = €.rfr{uL]) 0A lim • Applying S 0A can ^ to, we obtain 
^[0] 0A /«M, 0R Uu,^ = Cr 0A fr 0R u^ ■ If we apply now the firmness property of S on the 
last factor in the tensor product, we find M[o]®a/mm, 0Rr0R{uu.^y' = er0Afr0R'i^' 0u^^ 
With this equality we can rewrite the last formula of ()10|1 in the following way 

0-s(u[o])/„(^ 0s r 0s {uu^^]Y = #(6^)/^ 0s r' 0s vJ""' 

= (f)s ■ r 0s r' 0s u"^^ = 0s 0s r r'v!"^ 
= (j)0s s 0s u 
For the converse, first remark that e^ = ey o can^^, where ev is the evaluation map 

ev : E* (8)5 S — > A, ev{ip 0a u) = (p{u). 
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This follows from the straightforward computation 

££ o canA(v2 ®s u) = £(¥'(w[o])^i[i]) = v{u) = ev(v9 ®s u), 

and from can o can^^ = €. Apply this new identity in the penultimate equality of the 
next computation 



)[il 



canAf o UMim (g)A c) = canM(m/c ®5 r O^ (ucY) = mf^r{{u^)^) O^ {u^ 

= mfci{r{ucy)[o]) ®A ir{ucy)[i] = mfci{uc)[o]) ®a (mc)[i] 

= m(g)A /c((Mc)[0])(Mc)[1] =m(g)A /c(i)(Mc(i))C(2) 

= m(g)^ee;(c(i))c(2) = m®^ c, 

where we used in the third equality that r is colinear and in sixth equality that can a 
morphism of right comodules. D 

Theorem 4.2. Let <t be an A-coring, R a firm ring and S G rM^- If "^ is R-firmly 
projective, then E is an R-C Galois comodule, if and only if S is an R-(t comonadic- 
Galois comodule. 

Proof. If S is an R-<L Galois comodule, then it is an R-€. comonadic-Galois comodule 
by Proposition 14.11 To prove the converse, remember that since we know that S is 
i?-firmly projective, we can construct the comatrix coring S* C?>r S. Moreover, S is 
comonadic-Galois, so in particular can^i : S* ®r S — > C is an isomorphism (of right 
C-comodules). This map is exactly the canonical coring morphism can (jHl), so S is also 
an R-(L Galois comodule. D 

Theorem 4.3. Let <L he an A-coring, R a firm ring and S G rM'^. We denote T = 
End'^(S) 

(i) If S is an R-€ comonadic Galois module, then S is also an T-€ comonadic Galois 
comodule (i.e. T, is a Galois comodule in the sense of Wisbauer). 

(a) If R is a left ideal in T and S is an T-€ comonadic Galois module then S is also 
an R-(t comonadic Galois comodule (and thus both properties are equivalent). 

Proof, (z) Follows immediately form the commutativity of the following diagram and 
the surjectivity of vr, 

HomA(S, M) ®5 E ^ — ^ M®A^ 

HomA(S,M)®RS 
(a) If i? is a left ideal in T, then we know by ^T] Lemma 4.11] that 
ttm : HomA(S, M) ®h S ^ HomA(S, M) (g)T S 

is an isomorphism for all M G A^a- Consequently canj^f ^ is an isomorphism if and only 
if can M,R is an isomorphism. D 

Remark 4.4. That the converse of statement (i) of Theorem 14 . 31 does not hold in general, 
follows from the following example. Let (t = A he the trivial A-coring, and take S = 
A. Then EndA(A) = A and for all M G AiA, the cannonical can^f ,4 is the trivial 
isomorphism canjvf,A : HomA(v4, M) 0a ^ -^ M ^aA. Take any nontrival ringmorphism 
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R 
as 



A, such that R is no ideal in A. Then we can compute the maps tvm and canM,_R 

M 



HomA(A, M)®bA = M®bA-^M®aA 

Which are clearly not isomorphisms in general. 

A sufficient condition to obtain that R is an ideal in T, and thus that the Galois- 
property in the sense of Wisbauer (TH] is equivalent with R-^ comonadic Galois is that 
the functor G = Hom (S, — ) i^r /? ((2j) is a full and faithful functor (see |TT| Theorem 
4.15, (iv) => (v)] or [lUi Lema 2.4]). 

Take any E e sAI'^, for any &m ring S C T = End (E). As before, let Z = E ®a S* 
be the elementary (possibly non-unital) S'-ring associated to the dual pair (E,E*,ev). 
If moreover E is a S-(t comonadic- Galois comodule, then we can also construct comul- 
tiplications on Z and E as follows. 

dz,s = (S ®A can;^^) o ps,e: 
dz = d^^s ®A S* 

Remark that dz,T. is equal to the map that is obtained by composing the obvious map 

E -^ EndA(E) ®5 E, w I— i> EndA(E) ®s u, with the isomorphism 

(E 0A can;^^) o cans : End^(E) 05 E ^ E ®a E* (g)s E. 
Consider the following diagram 



PS 



E* 



PE 



e®^(j:- 



E®aA 



Pei^aC 



-^ E ® A ^ Oa ^ ■ 



(2) 



Ps^aS'^sS 



OA'^'SAca" 



-^ E ®A C ®A S* 05 E 



S®^can ^ 



(3) 



S(^Acan-i(g)AC 



^ 



(4) SiS)Acan-i|g)AS*®sS 



5AS*i»sS®Acan-i 



E®^E*®5S ^ 2^^ E ®^ E* ®5 E ®A 

The commutativity of this diagram can be checked as follows. The quadrangle (1) 
commutes by coassociatityty of E, the commutativity of (2) and (3) follow by direct 
computation (use can in stead of can~^) and the commutativity of (4) is trivial. We 
obtain that 

{dz ®s S) o dz,E = (Z (g)s dz,s) o dz,s, 

after tensoring the above equality with E* we find as well 

{dz^s Z)odz = {Z ®sdiz)°dz. 

So Z is a (non-counital) S'-coring and E is a left Z-comodule. Moreover since e^ = 



ev o can ^, we have 
(11) 



/^z,s o dz,Y: = E; 
fiz odz = Z. 
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But we have more 

Proposition 4.5. Let ft be an A-coring and S any firm ring. Take S G s-M.'^- The 
following statements are equivalent 

(1) The following canonical map is an isomorphism of A- A himodules 

can : S* (8)5 S ^ (T, can(/ ®s u) = f{u[o])u[iY, 

(e.g. T, is a S-€ comonadic- Galois comodule) 

(2) we have comatrix coring context {Z,A,T,,T.\rj,€) with S^ = S* ®5 Z (i.e. S is 
firmly projective) and (t is isomorphic to the associated comatrix coring. 

If there exists a firm ring R and a ring morphism l : R -^ Z, such that S G rMI'^ and 
R is a left ideal in S, then S is an R-(t Galois comodule. 

Proof. Suppose first that can is an isomorphism. Let us prove that E is firmly projective. 
Consider the maps /^z,/iz,Sidz and d^s introduced above, where Z is considered as a 
(nonunital) S'-ring and a (non-counital) S'-coring. Denote hj fiz '■ Z ®z Z ^ Z and 
d^ : Z ^ Z ®s Z —* Z ®z "Zi the induced multiphcation and comultiplication map, and 
similar for /2z,e and dz,s 

By (ITT|) . d2,E is a right inverse of /x^^e, and consequently also /2^ ^ ° d^.s = S. Let us 
show that d^^E is also a left inverse for /iz,s- Denote dz,E(^) = e^ ®a fz ®z u^- Since 
S G zM.A, we find 

dz,j:ofiz,s{u<S)A'^<S)zv) = e^ ®a fz ^B.u''(p{v) = e^ ®a fz <^z {u'^ ^a^p) ■ v 

= e^ (g)A fz ■ (w^ ®A ip)^zv = e^ ®A fz{u^)f ®z V 
= eJz{u'')®A'P®zv = u®A'P®zv 

So we find d^^E o /iz,E = S, consequently dz^Jiz = Z, so Z is a firm ring and E is a firm 
left Z-module, i.e. S is firmly projective. By Theorem 12.41 this implies that we have a 
comatrix coring context {Z, A, S, E"!", 77, e) if we define 

e : S"^ O^ S = S* ®5 S ^ A, e{^ ®s z®zu) = ^{zu)] 

7] = Az:Z^i:®z^^ = ^®A^*®sZ 

One can easily check that can is a coring isomorphism between the associated comatrix 
coring and t. 

The implication (2) ^ (1) is trivial. 

Finally, it follows from [III Lemma 4.11] that £ = S* ®5 S = S* Or S, and S is an 
R-t Galois comodule. D 
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